Abstract. On page 3 of his lost notebook, Ramanujan defines the Appell-Lerch sum
Introduction
Throughout the paper, we use the customary q-series notation: (1 − aq k ), n ≥ 1, (a; q) ∞ := lim n→∞ (a; q) n , |q| < 1, and (a 1 , a 2 , . . . , a k ; q) ∞ := (a 1 ; q) ∞ (a 2 ; q) ∞ · · · (a k ; q) ∞ .
For any positive integer j, for brevity, we also use E j := (q j ; q j ) ∞ . Let x, z ∈ C * with neither z nor xz an integral power of q. Following the definition given by Hickerson These sums were first studied in the nineteenth century by Appell [2, 3, 4] and then by Lerch [15] . But, in recent years, there has been considerable work on these sums and their connections to mock theta functions. We refer the readers to [1, 8, 12, 13, 16, 17, 21, 22] . In his lost notebook [19, pp. 2, 4, 13, 17] , Ramanujan recorded seven mock theta functions and eleven identities involving them. Andrews and Hickerson [1] proved these eleven identities and called the seven functions sixth order mock theta functions. Three of the sixth order mock theta functions are
On page 3 of his lost notebook [19] , Ramanujan defines the function
, and then states that
Choi [11] proved two analogous identities involving φ and the two functions µ and λ. The function φ(q) was also studied by Hikami [14] . Now, let ∞ n=1 a(n)q n := φ(q). Chan [8] proved several congruences for the coefficients a(n) of the function φ modulo 2, 3, 4, 5, 7, and 27. In particular, Chan [8] In this paper, we find a representation of the generating function of a(10n+9) so that (1.1) follows trivially. We then prove (1.2) from that representation of the generating function of a(10n + 9). Furthermore, we find the following new congruences: For any nonnegative integer n, we have a(1250n + 250r + 219) ≡ 0 (mod 125), for r = 1, 3, 4.
(1.3)
In [8] , Chan studied some other functions similar to φ and found congruences for them. In particular, he considered, for any integer p ≥ 2 and 1 ≤ j ≤ p − 1 with p and j coprime, the Appell-Lerch sum
1 − q pn+j , and proved that
which readily implies the congruence
It is to be noted that 2a(n) = a 1,2 (n). In [9] , Chan and Mao gave a generalization of a j,p . Chan [8, Conjecture 7 .1] also presented the following conjectural congruences:
Recently, Qu, Wang, and Yao [20] proved (1.4) and (1.5) by finding the following general congruence: If j and k are positive integers with 1 ≤ j ≤ k−1 and j odd, then for any nonnegative integer n, a j,2k (2n) ≡ 0 (mod 2).
They also proved (1.6) by finding the following identity:
that immediately implies one of his three famous partition congruences, namely,
Congruences in (1.7) were proved by Ding and Xia [10] .
In this paper, we prove the remaining conjectural congruences (1.8) and (1.9) of Chan [8] .
We organize the paper in the following way. In Section 3, we find an exact generating function of a(10n + 9) analogous to (1.10) and deduce the congruences in (1.2) as well as the new congruences in (1.3). In Section 4, we prove congruences (1.8) and (1.9).
We employ Ramanujan's simple theta function identities and some other known identities for the Rogers-Ramanujan continued fraction, which is defined by
In the next section, we present the background material on Ramanujan's theta functions and some lemmas that will be used in the subsequent sections.
2. Background material on Ramanujan's theta functions and some useful lemmas
We require the following special cases of f (a, b):
In the following well-known results, the first two are 5-dissections of E 1 and 1/E 1 , respectively.
, then
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and 11q + E 6 1
In the following two lemmas, we recall some useful results from our paper [7] . 
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3. An exact generating function of a(10n + 9) and proofs of (1.2) and (1.3) Theorem 3.1. The generating function of a(10n + 9) is given by 22 1 , (3.5)
which is equivalent to (3.1).
Remark 3.2.
If we extract the terms involving q 5n+r , r = 0, 1, 2, 3 after employing (2.9) in (3.2), then we arrive at the generating functions of a(10n + 2r + 1) as in (3.3) . But in these cases, the expressions involving T (q) and T (q 2 ) could not be expressed in terms of E 1 , E 2 , E 5 and E 10 as in the above case because of the non-availability of the expressions similar to those in (2.10) -(2.14). Therefore, in Theorem 3.1, we considered only the case a(10n + 9) among a(10n + 2r + 1) where 0 ≤ r ≤ 4.
As corollaries to the above theorem, we now deduce the congruences in (1.2) originally conjectured by Chan in [8] and the new congruences in (1.3). Taking congruences modulo 5 in (3.1) and using the above, we see that
which can be rewritten with the aid of (2.6) as
As k(k + 1) ≡ 0, 1, or 2 (mod 5), equating the coefficients of q 5n+r , r = 3, 4 from both sides of the above, we easily arrive at the last two congruences of (1.2). Furthermore, we note that k(k + 1) ≡ 1 (mod 5) only when k ≡ 2 (mod 5), that is, only when 2k + 1 ≡ 0 (mod 5). Therefore, equating the coefficients of q 5n+1 from both sides of the above we arrive at the other congruence of (1.2), to complete the proof. Proof. From (3.1), we have
Now, let [q 5n+r ] {F (q)}, r = 0, 1, . . . , 4 denotes the terms after extracting the terms involving q 5n+r , dividing by q r and then replacing q 5 by q. With the aid of (2.9), we have
Employing once again (2.9) in the above, extracting the terms involving q 5n+4 , dividing both sides by q 4 , and then replacing q 5 by q, we arrive at
Employing (2.6) in the above and then proceeding as in the proof of the previous corollary, we conclude that a(250(5n + r) + 219) ≡ 0 (mod 125), for r = 1, 3, 4.
Thus, we complete the proof of (1.3).
Remark 3.5. Proceeding as in the proof of Theorem 3.1, we may obtain the exact generating function of a(50n + 19), but the calculations and expressions are too lengthy and tedious even if we use Mathematica. Therefore, we decided not to include that lengthy generating function of a(50n + 19).
4. Proofs of (1.8) and (1.9)
In this section, we prove the congruences (1.8) and (1.9) originally conjectured by Chan [8] .
At first, setting k = 5 and j = 1 and 3 in [20, Eq. (2.7)], we have
respectively. In view of (2.3), we can rewrite the above identities as 1 + q 5n .
Proof of (1.8). To prove (1.8), first we aim to find a generating function of a 1,10 (2n+1).
For that purpose, we need to find a 2-dissection of the first term of the right side of .
With the aid of the trivial identity ϕ(q)ϕ(−q) = ϕ 2 (−q 2 ) = E 
